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ABSTRACT 

For each integer n > 2 and  for each pr ime power q, we exhibi t  a group F 

which ac ts  s imply  t rans i t ive ly  on the  set of vertices of the  bui lding of type  

~-n associa ted  with the  local field Fq((Y)).  This  generalizes work in [2] 

and  [8] (where n = 2) and in [1] (where n < 4). 

w I n t r o d u c t i o n ,  n o t a t i o n  

When K is a not necessarily commutative field with a discrete valuation v, there 

is a thick building A = An(K, v) of type i n  associated with K (see, e.g., [7]). 

The group G = PGL(n + 1, K) acts transitively on the set VA of vertices of A, 

and it is natural to ask whether there is a subgroup F of G which acts simply 
transitively on )2A. The group G acts on A in a "type-rotating" way (see [1], 

[2]). In general, we call a group acting simply transitively and in a type-rotating 

way on the vertices of a thick building of type An an An-group.  In this paper, 

for any integer n > 2 and for any prime power q, we exhibit An-groups F < G 

when K = Fq ((Y)). 

In [1], A~-groups were characterized by means of the relatively simple pre- 

sentations (called An- t r iangle  p r e sen t a t i ons )  they possess. In [1] and [2], 

An-groups F were found for n < 4 by first finding An-triangle presentations, 
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then finding a field K such tha t  the abs t rac t  group F with this presenta t ion acts  

s imply t ransi t ively on the vertices of fi.n(K, v). When  n = 2, F might  act  on a 

"nonclassical" building A, and there is no such K.  

In the present  paper ,  we do not use/~n-tr iangle  presentat ions,  but  instead work 

direct ly with a certain ar i thmet ic  lattice F in P G L ( n  + 1, K) ,  and then identify 

a finite index subgroup F of F which acts s imply transit ively on the vert ices 

of fi-n(K, v). I t  does not appea r  possible to write down explicitly the -&n-triangle 

presenta t ion  of F when n _> 5. 

I t  is clear from the results in [1] tha t  for each n _> 2 and each pr ime power q 

there can only be a finite number  of nonarchimedean local fields K with residual 

field of order  q such tha t  fin(K,v) admi ts  an A~-group. When  n = 2 and q = 2 

or 3, K = Fq((Y))  and K = Qq are the only possibilities [3]. By contras t  to 

the case K = ]Fq((Y)), we know only a small finite number  of examples  of p- 

adic An-groups.  All possible 2-adic and 3-adic A2-groups were found in [3], and 

examples  of 5-adic and 7-adic A2-groups are given in [8]. The  me thods  of [8] can 

be extended slightly to produce an example  of a 5-adic A3-group. 

Let  us recall some basic facts abou t  buildings of type  An. Let  dw(u,v) de- 

note  the na tu ra l  graph distance on ])A. If we fix a ver tex Vo of A, and let 

II(vo) = {v E I)A : dv(vo, v) = 1} be the set of neighbours of v0, then II(vo) 

has a na tu ra l  incidence structure:  if u, v C II(vo) are distinct,  we call u and v 

i n c i d e n t  if u, v and vo lie on a common  chamber  of A. This  makes  II(Vo) 

a project ive  geometry,  and in the case A = -~n(K, v) which concerns us here, 

II(vo) is i somorphic  to the project ive geomet ry  I I (V) ,  the flag complex of an 

n + 1 dimensional  vector  space V over the residual field k of K .  There  is a t y p e  

m a p  ~- : 12A ~ {0, 1 , . . .  ,n}  such tha t  each chamber  of A contains one ver tex 

of each type.  We may  assume tha t  v0 has type  0. The  type  map  T can be cho- 

sen so t ha t  the type  T(xu) of the ver tex xu E II(vo) corresponding to U C V 

is jus t  d im(U).  W h e n  A = An(K,  v), it is easy to give an explicit i somorphism 

II(v0) ~ I I (V) :  if vo is the latt ice class [L0], then II(v0) consists of the classes [L] 

of lat t ices L satisfying Lolr C L C Lo, where 7r e K and v(Tr) = 1, and we can 

associate  to [L] �9 II(v0) the subspace L/Lorc of V = Lo/LoTr (which is an n + 1- 

dimensional  vector  space over k). For g �9 GL(n  + 1, K) ,  we set 7([gLo]) equal 

to the i �9 { 0 , 1 , . . . , n }  satisfying i = - v ( d e t ( g ) )  (mod n + 1), and then  T([L]) 

equals the  dimension of L/Lorr over k for each [L] �9 II(v0). In this paper ,  K 

equals Fq((Y)) ,  where q is a pr ime power and Y is an indeterminate .  We shall 

always use Lo = IFq[[Y]] n+l C Fq((Y)) n+l as our base lattice. Recall t ha t  the  

stabil izer of Lo in GL(n  + 1,Yq((Y))) is GL(n  + 1,Fq[[Y]]). 
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Certain cyclic simple algebras (see, e.g., [4, Chapter 7]) play a central role in 

this paper, as they did in [1] and [2]. We start with the indeterminate Y. It 

will be convenient to also use Z = I + Y .  Let d = n + l ,  and let ~ denote a 

generator of the Galois group of Fq, over Fq. Thus there is an integer k such that  

g.c.d.(k, d) = 1 and ~(x) = x qk for each x E Fq,. Note that + extends naturally 

to an automorphism of Fq~(Y) = Fq~(Z) over Fq(Y) = Fq(Z). We form the 

cyclic simple algebra A = Fqd (Y)[a], whose elements may be written uniquely 

( 1 . 1 )  XO d- X1(7 d - ' ' "  =Jr Xd-10"d-1, where XO,. . .  , Xd_ 1 ~ ]~qd ( Z ) ,  

and where multiplication is determined by the rules (7 d ---- Z and axa  -1 = ~(x)  

for x e Fqd (Y). Now Fqd (Y)[a] is actually a division algebra, because Z d is the 

lowest power of Z which is a norm N~(y) /Fq(y ) (~  ) of some ~ E Fad(Y ) (see, 

for example, [5, p. 84]), though this fact is not used below. Now consider an 

indeterminate X, and choose any/3 E Fq, such that TrFq,/Fq (/3) = tl # 0. Then 

the norm Ny d ( x ) /~  (x) (1 +/3X) equals l + t l X + t 2 X 2 +  .. -+td Xd for certain other 

elements t2 , . . .  ,td of Fq. We embed Fq(Y) into Fq(X) and Fq,(Y)  into Fqd (Z) 

by mapping Y to t l X  + t2X 2 + . . .  + tdX d. The algebra Fqd (X)[a] = ,4 | Fq (X), 

whose elements are as in (1.1), but with the xj's now in Fqd (X), splits, i.e., is 

isomorphic to the algebra Md• (X))  of d x d matrices over Fq (X), because Z 

is now a norm. To give an explicit isomorphism, we modify slightly [1, Section 3] 

and [2, Section 4], and first define an embedding k9: Fqd(X)[a] --4 Md• (X))  

via 
0 

~ ~ ( x )  ~(~) . . .  o = . . . for x �9 Fqd (X), 
". 

0 . . .  ~:)d-  I ( X )  

and 

0 l + / 3 X  0 . . .  0 ) 
0 0 1 + ~ ( / 3 ) x  . . .  0 

. , . . , ,  " . 

0 0 0 . , .  l + w d - 2 ( / 3 ) X  
1 § ( p d - 1  ( / 3 ) X  0 0 . . .  0 

Let ~0,--.,~d-1 be a basis for Fq~ over Fq, and let Q e GL(d, Fqd) have 

( i , j )- th entry ~J(~i) for i , j  = 0 , . . . , d -  1. The conjugation M ~ Q M Q  -1 

maps the image of kO into Md• because the ( i , j )- th entry of Q-1 is 

~i(~]j), where Tr(~irb) = ~i,j. The map ~ ~-4 Q~(~)Q-1 is an isomorphism 

~ ( x ) [ ~ ]  -+ Md• 
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There is a natural  action of Aut(J[)  on A. For we can embed .d into 

Mdxd(Fq( (Y) ) )  by means of the map 

(1.2) A Ao  (x) u 

where the last isomorphism comes from the fact tha t  Y ~ t l X  + . . .  + td X d  

leads to an isomorphism Fq((Y)) -~ Fq((X)).  Now (1.2) embeds the group 

A • of invertible elements of .4 into GL(d, Fq((Y))) .  This gives an embedding 

A x / z ( A  x) -9 PGL(d,  Fq((Y))) .  Finally, Aut (A)  ~ A x / z ( A  x) by the Skolem-- 

Noether  Theorem (see [4, p. 263]), which states tha t  each ct �9 Aut (A)  is of 

the form x ~4 axa -1 for some a E A • Thus we get an embedding of Aut (A)  

into PGL(d,  Fq((Y) ) ) ,  which acts on A in the natural  way. 

w A subgroup of Aut(A) acting simply transitively 

As above, fix a basis 40, . . .  ,4d-1 for Fq~ over Fq. Then 

G 0 , . . . , 4 d - l , 4 0 0 - ,  . . .  , ~d - lO ' ,  . , . , ~ 0 0 " d - l ,  - . .  , 4 d - 1 0 " d - 1  

is an ordered basis of A over Fq (Y). 

Definition: Let F denote the set of automorphisms a of A whose matr ix  with 

respect to this basis has entries in 

Let F denote the set of a �9 F such that  for each i , j  = O , . . . , d -  1, a(4ia j) = 

x-,j-1 t a k (rood I / Y ) ,  where the tk's are in Fq~. 4i a~ + 2__,k=o k 
If a E F, then a �9 F means tha t  its matrix with respect to the basis has the 

form 

I A2,3 ""  A2.d 1 

�9 ". . . . .  modulo ~ ,  

0 . . .  I A d - l , d '  
0 .." 0 

where the I ' s  are d x d identity matrices, and the Ai,j are d x d matrices with 

entries in Fq. 

Note tha t  1~ is a subgroup of Aut(A) .  For if a �9 Aut(A) ,  then, regarded as 

a Fq(Y)-linear map, the determinant  of a is 1. For there is an a �9 A • such 

tha t  a(x )  = axa -1 for all x. Let A �9 GL(d, Fq((Y)) )  correspond to a under 
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the mapp ing  (1.2). Then  a extends to the composi t ion of the maps  M ~-~ A M  

and M ~+ M A  -1 on Mdxd(Fq((Y))),  and these maps  have de te rminan t  det(A)  d 

and det(A) -d ,  respectively. It  is routine to check tha t  F is a subgroup of F. 

The  following element of .4 will be impor tan t  for us: 

d-~ 1 4-1 
bl = E a - J  = l + ~ E ( T J .  

j=O j~-I 

Calculat ing bl (1 -- ~ -  ~), we easily see tha t  

b l -  Z-l ( l_a_ l ) - l .  
Z 

When  u E Fqd, we denote by b~ the conjugate ublu -1 of bl by u. 

LEMMA 2.1: For each u G F • conj~lgation by bu is an element o f F .  The norm qd 

ofbu in A is ((Z - 1)/Z) d- ' .  

Proof: We must  calculate b~ia3b~, 1. For ~ E Fq~, 

d - 1  

k=0 

{ (4 - ~(~)) + (~-1 (4) - ~ ) # - 1  + . . .  
= ~ + 7 -2 - i -  

+ (~-(d-1)(~) _ ~ - (d-2) (~) )~} .  

Using the fact tha t  a and bl commute ,  we therefore have 

bu~aJb~ 1 = U ( b l U - l ~ J ( u ) b l l ) c f J u  -1 

d-1 
1 t k a k ) a j u _  1 

k=O 

d-1  

1 E Utk~k+J(u-1)ak+J = ~oJ + ~ 
k=O 

for cer tain tk E Fqd. Thus  for j < g < d - 1 we get the t e rm 

1 
l U Q _ j ~ e ( u - 1 ) J - - O  ( m o d l / Y )  

Z -  

on the right, while for 0 < t~ < j - 1 we get the t e rm 

Z _ utd+e_j~e(u_l)ae Z -  1 utd+e-j~e(u 1 ) j  == (mod 1/Y) .  
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I t  follows tha t  conjugat ion by bu is in F. 

To calculate the norm N(bl)  of bl, let gl denote the image of bl in 

GL(d, Fq((Y)))  under  the embedding  (1.2). Then  gi -1 is a conjugate  of 

z-Z_i(I - S - I ) .  It  is easy to calculate tha t  d e t ( I  - S -1)  = 1 - 1/Z, and so 

N(bl)  = det (g : )  = ( (Z  - 1)IX) d-1. 

LEMMA 2.2: Foru E Fqd, let gu E GL(d, Fq((Y))) be the imageofbu = ublu -1 E 

A under  the embedding (1.2). Let vo be the standard base vertex of the ~ln 

building A associated with Fq((Y)).  Then the type 1 neighbours of vo in A are 

precisely the vertices g~vo, u E F ~ ,  and g~vo = g~,vo if and only if u = u' 

modulo F~. 

Proof'. The  ver tex v0 is the equivalence class [L0] of the lattice L0 = Fq [[y]]d C 

Fq ((Y))d.  As 51 = Z - I ( Z  + a + . . .  + a d-1), and the image of a is Q S Q - : ,  which 

has entries in Fq[X], we see tha t  g: has entries in Z-1Fq[X] C Fq[[Y]], and so 

glLo C Lo. Also, (Z - 1)b~ -1 = Z(1 - a -1) = Z - a d-1. So y g ~ l  = (Z - 1)g~ -1 

has entries in Fq[X] C Fq[[Y]]. Hence Yg11Lo C Lo. Thus  YLo C g:Lo C Lo. 

Moreover,  det(gu) = det(91) = N(bl)  = ((Z - 1)/Z) d-l ,  the valuat ion of which 

is d - 1. So the ver tex g~vo = [g~L0] is a neighbour of v0 of type 1. 

Suppose  t ha t  guvo = g:vo. Then  9~1g~ must  be a scalar mult iple of an e lement  

of GL(d,]Fq[[Y]]). But  g~:g~ has de te rminant  1, which has valuation 0. Thus  

g~l g~ E GL(d, Fq[[Y]]). But g~l g~ is the image of 

Z (i _ o_i)7%(1 + 0 " -  1 _{_ . . . .jr. O._(d_l))u_ I b11ublu-1 - Z 1 

- -  a (,/L_ _ l ( ? / , ) o . _ l ) ( l q _ o . _ l  ~ _ . . . _ ~ _ o . _ ( d _ l ) ) ? . t _  1 
Z - 1  

The  image  in GL(d, Fq((Y))) of 

z- bl- 1 
Z Z - 1  

is the  conjugate  by Q of zl--_l(ZI + S + . . .  + sd-1),  which has diagonal  entries 

z / ( z -  1) ~t ~q [ [ z -  111 = Fq [[Y]]. Thus  g l  lg~ cannot  be in GL(d, Fq [[YII) unless 
u - ~o-l(u) = 0; t ha t  is, unless u E Fq. The  result is now clear. 

LEMMA 2.3: The group F acts transitively on the set 1;zx of  vertices of A.  

Proof: L e m m a  2.2 shows tha t  each vertex x of A satisfying d(x, v0) = 1 and 

r(x)  = 1 can be wri t ten x = gvo, where g E PGL(d, Fq((Y))) is in the image 
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of F. We next  show by induction on i tha t  the same is t rue for each vertex x 

satisfying d(x, v0) -- 1 and ~-(x) -- i. Assuming this for i - 1 in place of i, and 

given x satisfying d(x, v0) = 1 and T(X) = i, we can choose a vertex x '  satisfying 

d(x',vo) = 1, d(x ' ,x )  = I and T(x') = i -  1. We can write x' -= g'vo, where 

g'  e PGL(d ,  Fq((Y)))  is in the image of F. Then  d((g')-lX,  Vo) = d(x,g'vo) = 1 

and T((g ' ) - lX)  = 1, and so (g')-ax = guvo for some u e F C .  Thus  x = g'g~vo is 

of the desired form. 

I t  is then easy to see by induct ion on d(x, co) tha t  each vertex x of A can be 

wri t ten x = gvo, where g C P G L ( d , G ( ( Y ) ) )  is in the image of F. This proves 

the lemma. 

We next  describe the stabilizer of the vertex v0 in Ant (A)  and in F. 

LEMMA 2.4: Let a E Aut (A) .  Then a fixes the vertex Vo i f  and only i f  it is 

conjugation by an element a E A x which can be chosen so that a = ao + . . .  + 

ad_l Od-1 and a -1 = n o + . . . + '  a'd_lCrd-1, where all the aj's and aj a r e  in 

[[v]] (as well as in (V)). 

Proof: Pick any a C A x such tha t  a is conjugation by a. Suppose tha t  A E 

GL(d, Fq((Y)))  corresponds to a under  the embedding (1.2). By assumption,  a 

fixes co. This means tha t  [ALo] = [L0], and so ALo = YkLo for some k E Z. 

Replacing a by Y - k a ,  we can assume that  ALo = Lo. Thus d �9 GL(d, Fq[[YJ]). 

Write a = ao+alcr+. . .+ad- la  ~-1. Then A = Q ( A o + A 1 S + . . . + A d - I S d - 1 ) Q  - t ,  

where Aj -= ~ (aj) and S = ~ (a ) ,  in the notat ion of Section 1. As Q �9 GL(d, Fqa), 

the entries of Ao + A I S  + . . .  + A d - I S  d-1 must  be in Fc[[Y]] .  Now S , . . .  , S  d-1 

have diagonal entries all 0. So Ao has diagonal entries in F C [[Y]]. In particular,  

the (1,1) entry, no, is in Fc[[Y]] .  Using the fact tha t  S �9 GL(d, Fc[[Y]]), we 

can easily see in a similar way tha t  a l , . . . , a d - 1  are all in Fqa[[Y]]. Writ ing 
�9 a / o - d - 1  

a - 1  ~ a~ + " + d - 1  

where A~ = ~(a~),  and we 

same reasons. 

we have A -1 = Q(A' o + A'IS + . . .  + AId_lSd-1)Q -1, 
find tha t  a~, . .  a '  �9 , d-1 are also all in F C [[Y]] for the 

Conversely, if all the aj's and a~ 's are in F C [[Y]], then it is clear tha t  bo th  A 

and A -1 have entries in Fq[[Y]], and so a fixes co. 

LEMMA 2.5: Let a E F. Then a fixes the vertex vo if and only if  a is conjugation 
x by an element of the form Oa j, where O E F C . 

• t h e n a E F a n d  Proof: I t  is clear tha t  if a is conjugation by Oa j,  where 0 E F C , 

a fixes v0. Conversely, suppose tha t  a E F fixes v0. Then  a is conjugat ion by an 

element a E A • as in Lemma 2.4. If a~ is the first of the coefficients aj which 

is nonzero, then composing a with conjugation by a -n,  we may suppose tha t  
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r = O. In addition, for each i , j  = 0 , . . . ,  d -  1, a~ioJa -1 m u s t  be a Fq[1/Y]-linear 

combinat ion of the ( k J ' s ,  and so an Fq~ [1/Y]-linear combination of the a~'s. To 

find the coefficient of J in 

j ! t d - l ~  a~aJa -1 =(a0 + - - -  + ad- laa -1 )~a  (ao + " "  + ad_la  ) 

=(a0~ + al~p(~)a + . . .  + ad_199 d-I (~)o "d-l) 
• (~J(a'o)a j + . . .  + ~J(dd_l)oJ+d-1), 

for each r e { O , . . . , d -  1} we pick the term a~gJ(~)a ~ in the first factor, 

we mult iply it by the unique term ~ / . ,  ~=j+k of the second factor for which kU, k ] ~  

r + j + k ~ g mod d, and then we sum over r. We thus find that  the coefficient 

of a e is of the form 
d - 1  

r = O  

By hypothesis,  this is in Fqe [ l /Y]  for each ~ = [~, i = 0 , . . . ,  d - 1. So if c is the 

column vector with entries co , . . . ,  Cd-1, then Qc  has entries in Fqd [ l /Y] .  But  

Q E GL(d, Fq~), and so c has entries in Fqd [I /Y].  Clearly 

{ a~(p~+J(a~_r_j) i f r + j < _ g ,  

Cr = Zarqgr+J(a'd+e-r-j) i fg  < r + j <_ d + ~, 
Z 2 a ~  ~+j(a~d+e_~_j) i f d + g < r + j < 2 d + g .  

' ' = 0 .  F i x k c { 1  .. d - l } .  Recall tha t  ao r 0. We claim that  a 1 . . . . .  aa_ 1 , ., 

Taking r = 0 and g = j + k for j = 0 , . . . , d -  k -  1, we see tha t  

t t d - k - 1  t ao~ (ak) E aoa k, ao ~( ak ), . . . , Fq~ [ l /Y].  

I But ao and a k are in Fq~ [[Y]], and as Fq~ [[Y]] N Fq~ [ l /Y]  = Fqd, we have 

(2.1) aoa~, ao(p(a'k), . . . ,  ao(fl d -k-1  (a~) E F # .  

l l ! Suppose tha t  a k r 0. Suppose at first tha t  k _< d -  2. Then  aoak, ao~(ak) E Fqd, 

so tha t  qo(a~)/a~ E Fq~. As a~ E Fqd[[Y]], this forces a S to equal Okgtk for 

some Ok E Fq~ and 5k C Fq[[Y]]. Hence aogk E Fqd. Next, taking r = 0, and 

g = j + k - d for j = d - k , . . . ,  d - 1, we similarly see that  

(2.2) Zao~-k(a~), . . . ,  Zao~ ~-l(a~) C ~q~, 

and so  Zao(fld-k(Ok)ak E ]Fqa, and hence Zaogtk E Fqd. But aogtk C ~qa, and so 

= 0kSk we have a contradiction.  W h e n  k = d - 1, we use (2.2) to see tha t  a k 
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for some Ok E Fqd and ~k E Fq[[Y]], and then (2.1) yields a contradict ion.  Thus  

a i . . . . .  a~_l = O. 

Hence a -1 = a'o E Fqd(Y).  Thus  a E Fq~(Y), so tha t  al . . . . .  ad-1 = O. As 

c~ E F, a~icrJa-1 = ao~gJ(ao1)~i O'j is an Fqd [1/Y]-mult iple of O "j. But  ao  1 = a~ E 

and so a0 J(aol)e  c n = As  above,  we have  

a0 = 0g0, where 80 E Fq [[Y]] and 0 E Fq~. As g~0 belongs to the centre of A, c, is 

also conjugat ion by 0. 

THEOREM 2.6: The group F acts  simply transitively on the set !2A of  vertices of  

the A,~-buitding A associated with Fq((Y)).  Moreover, P is a normal  subgroup  

o f f  of index d( q d - 1)/(q - 1). 

Proof: To prove the first s ta tement ,  we need only check tha t  if 0 E F~<e, j E 

{0 , . . .  ,d  - 1}, and if conjugat ion c~ by O~ j belongs to F, then j = 0 and 0 E Fq 

(so tha t  c~ is the identi ty au tomorphism) .  But  (~ E F implies tha t  c~({) - 

(mod 1 / Y )  for each { E Fq,t. But c~({) - ~ = qoJ(~) - {, which can be zero 

mod  1 / Y  only if it is zero, and if this holds for all {, then j = 0. Also, c~ E F 

implies tha t  c~(a) - cr E Fqd (rood 1 / Y ) .  This means tha t  (0~o(0 -1) - 1 )a  E Fqd, 

which can only happen  if 0 = q0(0), t ha t  is, if 0 E Fq. 

As F acts  t ransi t ively on Va,  we know tha t  I) = P H ,  where H is the  stabil izer 

of v0 in I ' .  Now conjugat ion by OcrJ equals conjugation by O'~J' if and only if 

0 = 0' (rood F~ ) and j = j ' .  Hence IH[ = d(q d - 1)/(q - 1). We saw above tha t  

F N H = {id}, and so F has index d(q d - 1)/(q - 1) in F. One can easily check 

x normalizes r .  Hence P is normal  in I). t ha t  conjugat ion by ~ or by any 0 E Fqa 

w T h e  i s o m o r p h i s m  II(Fqd) -4 H(v0) 

Recall t ha t  the project ive geomet ry  H(v0) of neighbours of v0 in the ?tn-building 

associated to Fq ((Y)) is isomorphic to the flag complex H(V)  of a d-dimensional  

vector  space V over Fq. We may  take V = Fqd, and in this section, for each 

U E II(Fq~), we find explicit e lements  bu of A such tha t  U --4 bu.vo is an 

i somorphism H(Fqd) -+ H(vo). 

For k = 1 , . . . ,  n, let Hk(Fqa) denote  the set of k-dimensional  subspaces  of Fqa. 

Let U E IIk(Fqa),  let u l , . . . , u k  be a basis of U, and let m l , . . . , m k  be inte- 

gers. Let [ U ; m l , . . . , m k ]  denote the de te rminant  of the k • k ma t r ix  whose 
! 

' ., ' be another  basis of U. Write  uj = ( i , j ) - t h  entry  is ~o"~J(ui). Let % , . .  u k 
d }~i=1 ti,jui, where ti,j E ]Fq for each i , j .  Then  the de te rminant  of the k x k 

ma t r ix  whose ( i , j ) - t h  entry  is qo m~ (u~) is t[U; m l , . . . ,  ink], where t = det(t~,j). 

Note t ha t  0 r t E Fq. Hence [ U ; m l , . . . , r n k ]  is independent ,  modulo  Fq ,  of 
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the choice of the basis u l , . . . ,  uk of U. Moreover, if [U; m l , . . . ,  ink] # 0, and if 

n l , . . . ,  nk are integers, then [U; n l , . . . ,  nk]/[U; m l , . . . ,  mk], where bo th  numer-  

a tor  and denomina to r  are calculated using the same basis for U, is independent  

of tha t  basis. 

LEMMA 3.1: I f U  E IIk(~qa), then [ U ; 0 , - 1 , . . . , - ( k  - 1)] # 0. 

Proof: This  is obvious i l k  = 1. When  k = 2, let Ul,U2 be a basis for U. Then  

[U; 0 , - 1 ]  = u l ~ - l ( u 2 ) - ~ - l ( u 1 ) u 2 .  If this is 0, then ~-1(u2 /u l )  = u2/ul ,  which 

implies t ha t  u2/ul  E Fq, which is impossible.  Now let k > 2, and assume the 

result  for k - 1. Let  Ul, u 2 , . . . ,  uk be a basis for some U E IIk (Fan). Suppose tha t  

[ U ; 0 , - 1 , . . . , - ( k -  1)] = 0. Then  det(A) = 0, where A is the k x k ma t r ix  whose 

( i , j ) - t h  ent ry  is ~-( i -1) (u j ) .  Subtrac t  u 1 / ~ - l ( u l )  t imes row 2 from row 1, then 

~-1(u1) /~ -2 (u1)  t imes row 3 from row 2, etc. This  results in a ma t r ix  all of whose 

entries in the first column are 0, except  the last, ~ - ( k - 1 ) ( u l ) .  So 0 = det(A)  = 

( - - 1 ) k - l p - ( k - 1 ) ( u l )  de t (B) ,  where B is the ( k - l )  • ( k -  1)-matr ix  whose (i, j ) - t h  

ent ry  is ~- ( i -1) (u~+1)  , where u} = uj - ( U l / ~ - l ( u l ) ) ~ - l ( u j ) .  Thus  de t (B)  = 0, 

' = a2u~ + . . .  ' for some and the induct ion hypothesis  implies tha t  u k + ak-lUk_ 1 

a2,.  �9 �9 a k -  1 E Fq. Thus  

k-1  k-1  

u 1 9 9 - 1 ( u k - - E a j u j ) - - r  =0,  
j=2  j=2  

k -1  
and so by the k = 2 case we must  have uk - ~ j = 2  ajuj = alUl for some al  �9 Fq. 

This  is a contradict ion.  

Now let U �9 IIk(Fq~). By L e m m a  3.1 we can form the following element  bv 

of A: 

d-1 [ u ; j , - 1 , . . . , - ( k -  1)] 
(3.1) bu = Z 1)] 

j=O 

W h e n  U = FqU is one-dimensional ,  then be equals the bu used in the last section: 

d-1  d-1  

U j =0 j =0 

Notice also tha t  in (3.1), the coefficient of o " - j  is zero for j = d -  k +  1 , . . . ,  d -  1. 

LEMMA 3.2: Let U �9 IIk(Fqd) and W �9 IIk+~(Fq~), with U C W.  Then 

Z 
(3.2) bw - Z -  1 bvby 
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for (modulo F q ) 

(3.3) y = [W; O , - 1 , . . . , - k ] / [ U ; - 1 , . . . , - k ] .  

Proof: For any y E F~,  we have by = ybly -1, and so 

Z 
b~l = yb~ly-1  - Z - 1 - - - y ( 1  - o ' - l ) y  - 1  - -  Z Z " \ [ 1  ~(Y))  (7 - 1  

- - 1  - -  T / "  

So we need only show tha t  for y as in (3.3), 

b w ( 1  c r-1 ~fl(y) ) - - - ~ - /  = bv. 

The  left hand  side equals 

d-1 [ W ; j , - 1 , .  , - k ]  d-1 .. _ ~-~, a _ ( j + l  ) [ W ; j  + 1 , 0 , . . . , - ( k  - 1)] 9)(Y) 

j=oE~ ~'O'----L':  "---~] j = o ~  [ W ; 1 , 0 , . . .  , - ( k -  1)1 ~ -  = 

d - 1  [ W ; j , - 1 , . . . , - k ]  a [W; j ,  0 , . . .  , - ( k  - 1 ) ] [ U ; - 1 , . . . , - k ]  
E a - J ~ - - ~ , : :  : - - - - - ~ ] - Z a - J [ w ; o , - 1 , . .  - k ] [ U ; 0 , - 1 , .  - ( k - 1 ) ] "  
j = 0  j = l  ' ~ "" ' 

Notice tha t  the j = d t e rm in the last sum is 0, and tha t  the j = 0 t e rm  in the 

second last sum is 1. For 1 < j < d -  1, collecting the te rms  in a - j  for these two 

sums, we see tha t  the result  will be proved once we check the identi ty 

(a.4) 
[ W ; j , - 1 , . . . , - k ] [ U ; 0 , - 1 , . . . , - ( k  - 1)] 

- [ W ; j , O , . . . , - ( k -  1 ) ] [ U ; - 1 , - 2 , . . . , - k ]  

= [ W ; 0 , - 1 , . . . , - H ] [ U ; j , - 1 , . . . , - ( H -  1)]. 

Let  W l , . . .  , Wk+ 1 be a basis of W such tha t  w l , . . . ,  wk is a basis of U. The  desired 

identi ty is of the form ab - cd = e f ,  where a , . . . ,  f are certain de te rminants .  

Now a, c and f are de te rminan ts  of matr ices  whose first columns have entries 

( w l ) , . . . ,  ~r (Wk+l) ( the last of these not  used in f ) .  If  we replace these columns 

by a column vector  x = (X l , . . .  ,xk+l)  t, we see tha t  ab - cd - e f  is linear in x. 

W h e n  we set x = x .  = ( q p - u ( W l )  , . . .  ,qo-U(Wk+l)) t, where 0 <__ u _< k, then  a 

m o m e n t ' s  thought  shows tha t  ab - cd - e f  = 0. But  L e m m a  3.1 shows tha t  the 

k + 1 vectors  x~ are l inearly independent .  Thus  ab - cd - e f  equals 0 for any x, 

and so, in par t icular ,  for x = ( ~ J ( w l ) , . . . ,  ~J(wk+l)) t. 
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LEMMA 3.3: I fU E IIk(Fqd), then 

k A 
(3.5) z Z- j [ U ; ~  -J 

- 1 j=o -~,---1: : 2 : ~ . ,  :]~] c~ , 

A 

where - j  indicates that the index - j  is omitted. 

Prod: Let k : 1, and let U = FqU. Then  b~ = UblU -1, so tha t  

b~ a -- ubllu -1 = u ~ - - ~  (1 - a - 1 ) u - 1  - - 1 ~:9-1(lt) 0" 

z Z (1 [u;0] 
- 1 [U; - 1 ]  a - l / "  ) 

Suppose  now tha t  the formula has been proved for all k-dimensional  subspaces  

of Fq~, and let W E Hk+l(Fqd). Choose any k-dimensional  subspace U of W. Let 

w l , . .  �9 wk+l be a basis of W such tha t  W l , . . . ,  wk is a basis of U. By L e m m a  3.2, 

we have 

Z 
bw - Z -  1 bUby for y = [ W ; 0 , - 1 , . . . , - k ] / [ U ; - 1 , . . . , - k ] .  

Using the  induction hypothesis,  we have, writing (-1)Jcj  for the coefficient 

of a - j  in (3.5), 

k 
b~V1 Z Z  1 -1 -1 Z Z- 1 (1 _u - I ( Z ( - I ) J C j ( 7 - J  ) 

j=o 

Mult iplying out the second and third factors, we see tha t  the coefficient of a - (k+l)  

is 
(__l)k+ 1 y qo_l(Ck) = (__l)k+ 1 [ W ; 0 , - 1 , . . . , - k ]  

~--l(y) [ W ; - 1 , - 2 , . . . , - ( k - ~  1)]' 

as desired. For 1 _< j < k, the coefficient of a -~ is 

Y -1~ C ( -1 )Jc j - ( -1)J - I r  t j - l , .  

After a little algebra,  we see tha t  this equals the desired value 
A 

( - 1 ) J [ W ; 0 , - 1 , . . . , - j , . . . , - ( k  + 1 ) ] / [ W ; - 1 , - 2 . . . , - ( k  + 1)] if and only if 

[U; o , - 1 , . . . , - ~ , . . . ,  - k ] [ W ; - 1 , - 2 . . . , - ( / c  + 1)] 
A 

+ [ U ; - 1 , - 2 , . . .  , - j , . . .  , - ( k  + 1 ) ] [ W ; 0 , - 1 . . . , - k ]  

: [ U ; - 1 , - 2 , . . . , - k ] [ W ; 0 , - 1 , . . . , - 3 , . . . , - ( k  + 1)1. 

The  proof  of this identi ty is very similar to the proof  of (3.4), and we omit  it. 
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PROPOSITION 3.4: For each U E II(IFqe), conjugation by bu is an element ofF.  

Let gu E GL(d,  IFq[[Y]]) denote the image ofbu under the embedding (1.2). Let 

Vo be the standard base vertex of the fin building A associated with ]Fq((Y)). 
Then for each k E {1 , . . .  ,n},  the type k neighbours of vo in A are precisely 

the vertices 9uVo, where U C IIk(Fqd). The correspondence U ++ guvo is an 

isomorphism of the projective geometries II(Fqd) and [I(v0). 

Proof: The  first s t a t ement  is clear from L e m m a  2.1, L e m m a  3.2 and induction.  

I t  is clear from the definition of bu tha t  gu has entries in Z-1Fq[X] c IFq[[Y]], 
and so 9uLo C Lo. L e m m a  3.3 shows tha t  Ygu  1 = (Z - 1)gu 1 has entries 

in Fq[X] C Fq[[Y]], and so YLo C guLo. We have seen tha t  the norm N(bl)  

equals ( (Z - 1)/Z) d-~. A simple induction based on L e m m a  3.2 implies tha t  

N(bu) = ((Z - 1 ) /Z)  d-k if U is k-dimensionah Thus  det(gu) = N(bu) has 

valuat ion d -  k. Thus  guvo is a neighbour of v0 of type k. Let U E [Ii(]Fqd ) and 

V E IIj(Fqd),  with U C V. I f j  = i +  1, then 9uvo and gvvo are incident in ll(vo) 

by L e m m a  3.2. For we can write 

Z 
by - z ~ b u b y  for some y C FqXa. 

Thus  

d(gvvo, gvvo) = d(gvgyvo, gvvo) = d(gyvo, vo) = 1, 

by L e m m a  2.2. For general j > i, choose any subspaces Ui C Ui+l c .--  C Uj 

such tha t  Ui = U, Uj = V, and d im(U,)  = , for each •. By the above, gv.vo 

and gv.+lVo are incident in II(v0) for , = i , . . .  , j  - 1. As II(v0) is a project ive 

geomet ry  and each gv. Vo has type  ~, this implies tha t  gvvo and 9v vo are incident. 

Finally, we show tha t  the map  U ~ gvvo is a bijection II(Fqa) --~ II(v0) by 

showing tha t  it is injective. We know from L e m m a  2.2 tha t  it is a bijection 

between the 1-dimensional subspaces of Fq~ and the type  1 neighbours  of vo. 

Suppose  tha t  V, V'  ~ IIk(Fqd) are distinct,  where k > 1. Then  V contains exact ly  

g = (@ - 1)/(q - 1) 1-dimensional subspaces,  Uj, j = 1 , . . . ,  N,  say. Choose a 

one dimensional  subspace U of V' which is not contained in V. If gvvo = gy,vo 

were to hold, then  gvvo would be incident in H(v0) with the N + 1 type  1 vertices 

gvjvo, j = 1 , . . . ,  N,  and ggvo, which is impossible. Thus  gyvo r gv,vo. 

By Propos i t ion  2.2 in [2], we know tha t  the image of F in PGL(d, Fq((Y))) has 

a presenta t ion  with  generators  the gu's, U C II(Fqe), and relations (1) gugvgw = 

1 for cer tain U, V , W  E II(Fqe) satisfying dim(U) + dim(V) + d im(W)  = d 

(see [1, w and (2) gugx(u) = 1 for each U C II(Fqd), where A is an involution 

of H(Fq~) sat isfying dim(A(U)) = d - d i m ( U )  for each U (see [1, L e m m a  2.1]). It  

is rout ine to rephrase  these s ta tements  in te rms of the bg's: 
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COROLLARY 3.5: Suppose that U and W are subspaces Of Fqd, with U ~ W.  

Then there is a subspace V of Fqd such that dim(W) = dim(U) + dim(V) and 

Z 
(3.6) bw - Z - 1 bubv. 

Moreover, there is an involution A of  II(Fqd) such that dim(A(U)) = d -  dim(U) 

for each U E II(Yqd ), and such that 

Z - 1  
(3.7)  b (u) = 

We omit the proof of Corollary 3.5. In (3.6), we have in general no completely 

explicit "formula" for V in terms of U and W when dim(W/U)  > 1. However, a 

routine induction on dim(W/U)  shows that, modulo F~, 

[ W ; O , - 1 , . . . , - ( k -  1)] 
[ V ; O , - 1 , . . . , - ( j - 1 ) ] =  [ U ; - j , . . . , - ( k - 1 ) ]  

In (3.7), we have no closed formula for A(U), except when dim(U) < 2. If 

U = ~qu is 1-dimensional, then one can easily show that 

A(U) = {x ~ Fq~ : Tr(z/u) = 0} = u{1} • 

where for S C Fqd, S • = {x e Fq~ : Tr(sx) = 0 for all s e S}. If U e H2(Fq~), 

then one can show that 

)~(U) = [V; 0,--1199-1(uL). 

In general, there is no simple relationship between A(U) and U • However, 

(3.7) implies various relations between some of the numbers [U; rex , . . . ,  real and 

[A(U); nl . . . .  , na-k]. If we also use the relation 

[ U •  modulo F~ (, 

where 0 = [Fqd ; 0 , - - 1 , . . . , - ( d -  1)J, which is a consequence of [6, p. 166], we can 

show that, for any U E 1-[k(Fqa), 

[ A ( U ) •  1)1 = 1 / [ U ; 0 , - 1 , . . . , - ( k -  1)] modulo Fq. 
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R e m a r k  3.6: Recall  t ha t  the algebra A was defined using an a u t o m o r p h i s m  

of Fqd which genera tes  the Galois group of Fqd over ]~q, and is therefore of the form 
qk 

x ~4 x , where  1 < k < d and g.c .d . (k ,d)  = 1. We therefore have r  different 

a lgebras  ,4, and so r  different groups F, where r denotes Euler 's  C-function. 

Note  t ha t  if A -- Fq~(Z)[a] and .4' -- Fqd(Z')[a ' ] ,  where a x e  -1 = ~(x)  and 

a d -- Z ,  while a ' x ( a ' )  -1 = ~ - l ( x )  and (or') d = Z ' ,  then there  is an i somorphism 

A- -+  A '  m a p p i n g  Z to 1 /Z ' ,  a to (a ' )  -1,  and x to x for each x E Fqd. This  

halves the  number  of different groups F. 

In [1], the  first au thor  worked with a single algebra .40 -- Fq~(Zo)[ao] where 

a o x a o  t -- ~o(x)  = xq for x E Fan, and where a0 d = Z0. Notice t ha t  there is an 

a lgebra  h o m o m o r p h i s m  T : A -4 A0 mapp ing  a to a0 k (where ~(x)  = x qk, as 

above),  Z to Z0 k, and x to x for x E Fqd. If d = 4 (so tha t  r  -- 1) and k = 1, 

then  Z t imes the  elements  bv defined in (3.1) are just  the bv's  defined in [1, w 

If  d = 5 (so t ha t  r  -- 2) and k -- 2, then  the image under  T of Z t imes 

the  e lements  bu defined in (3.1) are just  the bu's defined in [1, w If d -- 5 and 

k = 1, e lements  of A0 = A corresponding to the bu's were not found in [1]. 

Let  F < Au t (A)  be  as above. If/3 E F X satisfies/3 d E Fq, then L e m m a  3.1 of [1] - -  qd 

gives a way of cons t ruc t ing  another  -~n-group F ~ from F. Using Proposi t ion  2.6 

of [1], one m a y  easily realize F ~ as a subgroup of ]); one uses the  elements  

b~v = bu/~ -dim(U) of A, and the fact tha t  t bv t  -~ = btu for t E F • qd" 
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